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ABSTRACT 
The present paper deals with an apparently hitherto untreated problem in 
the theory of restricted partitions: What is the number T~ "~ of distinct partitions 
of the composite integer nr that can be made by partwise addition of n--not 
necessarily distinct--partitions f r ? The answer is given in the form of a finite 
series of binomial coefficients multiplied by certain integer coefficients which 
depend only on r: 
T~(~) ~ g + i! whereg = - -  . 
i=0 
In general the non-vanishing c~"~ must be determined by direct calculation; 
in this paper we give them for all r < 11. Several other interpretations of T~ ~ 
are given, and some additional open questions concerning the interpretation f 
the results are discussed. 
I. INTRODUCTION 
Perhaps the simplest non-trivial "restricted" partit ion problem is that 
of enumerating the number of partitions of an integer m into parts less 
than or equal to some other integer r ~ m. This number, denoted by 
p(m, r), can be taken as known, since there exist both effective methods 
for its calculation (e.g., by means of the recurrence p(m, r )= 
p(m, r --  1) + p(m -- r, r)) and extensive tables of its values [1]. Let us 
now specialize the integer m to a multiple of r, m = nr so that for fixed r 
we consider only those partitions enumerated by p(nr, r). From this set of 
partitions, which we denote by P(n, r), we now choose a certain subset 
T(n, r) C P(n, r) consisting of those partitions which can be formed by 
* Work performed under the auspices of the U. S. Atomic Energy Commission. 
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partwise addition of n partitions of  r itself. More specifically, consider n 
partitions of r - -not  necessarily dist inct-- in the form 
la(~>~a (1) la~)2a~ ) a(~> la~<,o2a~ -) ... ra,<, -> z ~ 2 " "  r ~(1), " ' "  r ~ , . . . ,  (1) 
~i)W ) = r, A (j) ~ 0 all i, j . i i 
i=1 
Then a member of T(n, r) will have the form 
1"12 "2 ... r% where /zj = ~ A (k) ( j  = 1, 2 , . ,  r). (2) J k=l 
Let 
IT (n ,  r)l = T(~) T(~) =~ 1; (3) 
T~ ~) is the number  of such partitions. Our problem is to find an i,e.~ 
effective formula for T~ *). By way of  illustration, consider the case n = 2, 
r = 5. Then p(10, 5) = 30, but T~ 5) = 25, the "il legal" partitions (i.e., 
those not of the form (2)) being 422, 432 , 423 , 331 and 25 .
There are at least three alternative ways of stating the problem. We give 
all three formulations here, although we shall make use of only the last 
one in the sequel. 
FORMULATION A: Consider the partition r" and construct a partially 
ordered system of partit ions of nr with r ~ as the highest erm; as usual, the 
ordering will be by refinement. The problem then is: what is the total 
number of elements in the system so constructed ? 
FORMULATION B: Consider the symmetric group S~ on nr letters, 
and construct he subgroup 
S~XS~XS~ ... XS~ 
terms 
each element of the product being the symmetric group on r distinct letters. 
How many conjugate classes does this subgroup contain ? 
FORMULATION C" Consider the rnonomial 
h i  A2 Ar x] ") ----- x 1 x 2 "'" x~, (4) 
where 0~1, A2 ..... A~) is the "signature" of some partit ion of  r, i.e., 
Ai ~ O, ~ iAi = r. (5) 
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Form the expression 
x ~) , (6) 
where the sum goes over all partitions of r. We then ask the question: 
how many distinct monomials appear in the expansion of (6) ? The total 
number of terms (disregarding order) in this expression is of course 
given by the binomial coefficient 
where p(r) is the number of (unrestricted) partitions of r. Clearly, 
T~) < (p(r) q- n -- 1) 
n 
n > 1, r > 3, (7) 
but this turns out to be a very weak bound indeed (except for small values 
of n, r). Much better is the bound 
T(.~ ) < p(nr, r), n > 1, r 2> 2, (8) 
a relation implied by our initial formulation; this means that a "brute 
force" calculation of T~ ~) should proceed by rejecting illegal members of 
the set P(n, r) rather than by eliminating the duplications in the expression 
(6). As it happens, one needs to calculate only a few values of T~ ~) by brute 
force, since, as we shall show below, there exists an explicit formula for 
this quantity: 
2r~r) = ~ (n q- g] ~(r) (9) 
i=0 '~ g + i] ~i , 
where g = [(r + 1)/2], i.e., the integer part of 89 + 1) and the c~ ~) are 
integers. Furthermore, 
(') =0 for i>~r - -g .  (10) Ci 
Equation (9) is easily inverted (see [2, p. 49]) to give 
n \g  -~ i! 7-~r)" (II) 
i=0 
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In virtue of  (10) this yields a simple (pure) recurrence relation for T~ "), 
for all n ~> r - -  g. Rather than write this down, we introduce the trans- 
formation 
/e ('-g-1-i) 
i=o k - -  i d~)  (12)  
with inverse 
k z ( , -g- l - i )  
r  " i=o k - -  i ( - -  1)k-i (~) 
(13) 
Inserting (12) into (9) we obtain 
Tff) ~ (n q- r -- l -- i) at,) 
i=o r - -  1 
(14) 
the inverse of  which is (see [2, p. 106]): 
= ~ (~) T(~) (15) '/J~) (- -1) i - , - i .  
i=0  
Now it follows from (10) and (13) that 
d f f )  = 0 for n 1> r - -  g; (16) 
therefore 
mln(r,n) 
( r )  T(~) O, n ~ r - -g .  (17) Z (--1) i  i - , - i=  
i=0  
Thus, if we know the quantities To ~'), wt,) wt,) all the rest are deter- .L 1 , . . . , J r  r--g--i 
mined (see Table I below). 
I I .  THE FORMULA FOR Tn (r) 
Let us arrange all the partit ions of r in lexicographic order: 
~(r) = r; rr~') = r - -  1, 1; ~r)  = r - -  2, 2; 1 
~r~ *) = r - -  2,12; . : . ;  -(*) = 1 *. 
" ~(r)  
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Let the signature of the k-th partition be )~(k) ----- ()qk, A~k ,..., 2%). In 
other words, the k-th partition has the explicit form 
Note that 
~r~ r) ~ lalk2a=~ ... ra% 
Z iAi~ = r, Ai~ ~ O. 
(18) 
max(k) {~Jk} = [%]. (19) 
Now to each rr([ ) we let correspond a monomial 
Xa(k) - '1  -~2 (20) 
If we form the expression (6) and expand, the result will be a sum of 
monomials of the form x~lx'~, ... x~. The number of distinct terms in 
the expansion is clearly equal to the number of distinct signature vectors 
/x = (/x~,/x~ ..... ~).  We now proceed to characterize these vectors by a 
system of diophantine quations in the following way. To each 7r~ r) we 
assign a non-negative integer ni and we restrict his set of integers by the 
condition: 
~(r) 
ni = n; (21) 
i~ l  
in other words, the set {ni} runs over all compositions of n, zero parts 
included. It is clear that the j-th component of any signature vector t~ is 
given by an expression of the form 
/~j = ~ )tjkn k . (22) 
Therefore, all possible vectors/z are given by the diophantine system: 
~r.knk ,
k=l  
~(r) 
~=1 (23) 
~2.~nk, 
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where the n~ must satisfy (21). We need not write the equation for/ '1 
since it is determined by the evident relation 
~i /* i  = nr. (24) 
in order to find the number of distinct solutions of the system (23) we 
introduce the concept of the conditional maximum fl*5 of a component/*5 9 
This is defined to be the largest value that can be assumed by/*5 subject 
to the prior assignment of the components/'5+1,/*a+2 ..... /*~;/25 is clearly 
a function of all the t*~, i > j. Now it is easy to see that/*5 can assume all 
integer values 
0 ~</*5 ~</25 (25) 
since there are always sufficient free variables n~ available for adjustment. 
Therefore, since each distinct vector/* represents a distinct solution of (23), 
the answer to our problem is given by the multiple sum 
Tff) = Z ~ "" Z (/22 %- 1). (26) 
Wr=O /~r_l=O L~3=0 
The actual evaluation of (26) can be carried out only if we have available 
explicit expressions for the various 125; even for specific ases, such expres- 
sions may not be easy to derive. In fact, we have been able to perform the 
multiple sum only for r ~< 8. Fortunately, the general form of the answer, 
given by equation (9), can be established without such explicit evaluation. 
In order to make the argument clearer, however, it seems appropriate to 
sketch the procedure in the case r = 8. For this case, the system (23) takes 
the form: 
/ '8 
/*7 
/*6 
/*5 -~- 
/*4 
/*2 
H1 , 
H2 
n 3 ~-  H 4 
n0 + n6 + nT, 
2ns %- n9 + nl0 + nn %- n12, 
n0 %- n9 %- 2nla %- 2n14 %- n15 %- n16 %- n17, 
n3 %- n~ %- 2n10 %- nn %- nla %- 2nx~ %- nl~ %- 4nls %- 3n19 
%- 2n20 %- n~, 9 
with, of course, the restriction 
22 
n i=n,  ni >~0, i---- 1,2 ..... 22. 
i= l  
(28) 
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Let us now introduce new variables: 
0-1 : /11 
0"2 = //2 , 
0-3 ~ //3 -~- ?/4 , 
0-4 = n5 ~-  n6 + n7 ,  
0-5 : rts -~ n9 -~- nlO -~- /*/11 -~- h i2 ,  
% ~ n13 + n14 + n15 + n16 + niT, 
O <-.. 0-2 <-~ n - -  0-, ~-- d l  , 
0 <~ 0-3 <~n - 0-1 - -  0-2 : - -d2  
The variables di have the ranges: 
0~< 
Clearly, 
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0 <~ % <~ n - 0-1 - 0-2 - % - 0-4 - 0-5 ~ d5. 
(29) 
~ n, 
O <~ d~ <~ dl, 
O <~ d. <~ d~, 
O <~ ~ <<. d., 
O <~ d~ < d~. 
28 : n~ 
/2~ --- dl,  
#~=4,  
(30) 
(31) 
It is also more or less immediate that 
/24 = 2da, (32) 
t23 = d3 + d4 - -  f t  4 . 
Finally, it can be shown that 
/22 = d2 + 3d4 --/~3 -- 2t~4 -- M, 
M=0 if /~a ~0-4, (33) 
M=[ /*a -  0-4-t- 112 if /*a > 0-4; 
here the square brackets mean, as usual, that the integral part of the 
argument is to be taken. Equation (26) now takes the form: 
T~S) ~ ~1 e2 d3 2d. ~3 
= Z Z s Z Z (/22+ 1). (34) 
dl=O 42=0 43=0 ~4=0 H,4=O /~3=0 
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The rest is a matter of detail; in carrying out the sum we express all 
products in binomial coefficient form, so that every summation step is 
a sum over binomial coefficients. The final result is: 
T~q) (n+4 4)+17(n+4 ) (n 4) (n 5 + 50 6 + +36 7+4), (35) 
which is indeed in the form given by equation (9). 
In the general case we may also introduce the variables cr~ and di; 
equation (26) can then be written in the form 
~(~,) i ~ ~g-I 2~g ~3 
I ,  . . . .  ~ ~ "'" ~ (/22+ 1), (36) 
all=0 d~=0 do=0 tZK=O tz3=0 
where K ----- I g (r even) 
g -- 1 (r odd). 
The ~. will be "step-linear" functions of the /x~ with higher index and 
(possibly) of the other free summation variables: 
/2; = f~ q- ~ • 3(I~0[hj~], 2 ~ j ~< [r/2]; (37) 
i 
here y] stands for a linear function of the free summation variables with 
integer coefficients, while hji is a similar function but with (not necessarily 
integral) rational coefficients, I~.~ represents a system of inequalities in 
the unsummed variables, and 3(I~i) is a generalized Kronecker delta with 
value 1 if the inequalities are satisfied and zero otherwise. (Equation (37) 
may be more general than is required, but the argument is not thereby 
affected.) The lowest order term will clearly be 
al aO--1 [n -~- 
~ "'" 2 1 :  k g)" (38) 
al=0 as=0 %=0 g 
The order of the highest binomial coefficient, on the other hand, cannot 
exceed that "+g of (~-1) since thefj  and hj~ are linear. More specifically: since 
/22 is at most linear in ~3, the highest order term in the first summation 
is proportional to 
~3~0 
Similarly, the highest order term in the second summation will be propor- 
tional to 
g4 
~4~0 
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and so forth. Keeping only the highest order binomial coefficient at each 
step, we finally end up with a term proportional to 
f z  ,) 
all=0 d~=0 dg=O 
It is also clear that the resulting coefficients of (9) will be integral; this 
argument, however, does not exclude the possibility that some of the c~ ") 
may be negative or zero. 
Having established the general form (9) with integral (though not 
necessarily non-negative) coefficients c~ r), we may proceed to fit this 
formula to calculated ata in those cases (r > 8) for which the actual sum 
cannot easily be carried out. In  Table I we list the values of T~ (~) for the 
range 2 ~ r ~ 11, 1 ~ n ~ 5 (we define To (r) = 1). 
TABLE I: 7".(') 
r ~  1 2 3 4 5 
2 2 3 4 5 6 
3 3 6 10 15 21 
4 5 14 30 55 91 
5 7 25 65 140 266 
6 11 53 173 448 994 
7 15 89 343 1022 2562 
8 22 167 778 2710 7764 
9 30 278 1518 6048 19482 
10 42 480 3088 14114 51212 
11 56 760 5609 28831 116028 
For each r we 
values T~ ~), n < 
may calculate the coefficients "(')" we need use only the 
r -- g because of (10). The results are given in Table II. 
TABLE II: c} ") 
r ~  0 1 2 3 4 
2 1 
3 1 
4 1 2 
5 1 3 
6 1 7 
7 1 10 
8 1 17 
9 1 24 
10 1 36 
11 1 49 
8 
14 
50 36 
89 78 
207 368 
340 701 
200 
431 
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The values for r ~< 8 were first found by direct summation, as given 
in equation (26). For  r ~ 9, 10, 11, the c~ ~) were calculated by fitting 
equation (9) to the appropriate values from Table I. The alert reader may 
have observed that T~ 5) is a Stirling number of the second kind: 
= 3 -5 3 4 + = S,~+~ ; (39) 
as far as we can tell, this fact has no significance for the general structure 
of T~ ~). 
III. REMARKS 
In  this section we collect several miscellaneous remarks pertinent o the 
results obtained above. First, we note that, for all cases treated in this 
paper, the coefficients c~ ~) satisfy 
(~) ~0 i=  0,1 ..... r - -g - -  1. (40) c i 
From (38) we see, of course, that c~0 ~) = 1. Furthermore, since T~ ~) = 
p(r), we have 
c~ ~) = p(r) --  g --  1. (41) 
It is also clear that c~'2g_1 ~ 0, since otherwise, for sufficiently large n, 
~(~)- T~ ~) (observe that the we should violate the obvious condition t~+l> 
final binomial coefficient in (9) eventually dominates). 
Finally, it is easy to show that c~ *) > 0. We have 
Let us take for simplicity the case r even, and single out the subset of all 
partitions of r consisting of the g + 1 members r; r - -  1, 1; r - -  2, 2; ... 
r/2, r/2. The first term in (42) is the number of 2-combinations with 
repetition that can be formed from this set, these combinations are 
obviously all distinct. Now el ~) = p(r) - -  g --  1 is just the cardinality of 
the residual set of  partitions of  r after these g + 1 elements have been 
removed. All combinations formed by taking one member from this 
residual set and one member f rom the above special set of g + 1 elements 
are clearly distinct. I f  we add to these pairs the el *) pairs formed by adding 
the partition 1 ~ to each member of the residual set we get precisely ~l"(~)t~ 
distinct partit ions of 2r. This construction, however, does not exhaust all 
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partitions in 7"(2, r); e.g., the partition 2"/z has not been accounted for. 
Therefore we see that c~ *~ > 0, r even. A trivial modification serves to 
adapt this argument to the case r odd. Therefore, in general, 
c~ ~' > 0 (r > 5). (43) 
It seems to be difficult to generalize the above simple argument so as 
to treat coefficients of higher index; nevertheless, we would conjecture 
that (40) holds for all r. In this connection, equation (14)--an alternate 
form of equation (9)--suggests an interesting possibility. For each i 
consider a collection of r-sets composed of partitions of r, each set con- 
taining r distinct members, and single out i of the r members in each set 
We shall refer to this/-subset as the "nucleus." The sets in the collection 
for given i are not pairwise disjoint, but all the nuclei are distinct. Now 
for each such set form all n-combinations (with repetition) of its elements 
subject to the restriction that the nucleus must be used at  least  once.  
The number of these n-combinations is clearly 
n- - i  r - -1  " 
Summing over all i we recover the right-hand side of equation (14) where 
the d~ ~ now stand for the number of sets in the i-th collection. If it were 
possible to construct collections of r-sets of the above type in such a 
manner that all n-combinations with repetition thus produced were 
distinct we should be justified in asserting that we had a combinatorial 
model of equation (14). The d~ ~) would then be combinatorial numbers and 
hence non-negative integers. From this it would follow, using (12), that 
the c~ ~ were also non-negative. Such sets have in fact been constructed 
for all r ~ 9 (they are not unique). A discussion of an algorithm for this 
construction, some relevant heorems and a listing of specific r-sets will 
appear subsequently. 
Finally, it should be noted that equation (17) is clearly an expression of 
the inclusion-exclusion type. This suggests that a direct combinatorial 
interpretation f equation (17) should exist. 
HISTORICAL REMARK 
To our knowledge, our partition problem does not appear in the litera- 
ture. This is somewhat surprising in view of the formal simplicity of the 
enumerative solution. Furthermore, the problem arises quite naturally in 
combinatorial contexts. For example, suppose we wish to calculate the 
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number of  distinct n • n (0, 1) matrices with common row and column 
sum equal to r. As MacMahon pointed out long ago [3], this number is the 
coefficient of the monomial  symmetric function (r ") in the expansion of  
(at) n, where a~ is the elementary symmetric function of  degree r. I f  the 
restriction to (0, 1) matrices is removed (the elements then being non- 
negative integers), the enumeration is the same except that ar is replaced 
by hr, the homogeneous product sum. One practical way of implementing 
MacMahon's  prescription is to express a~ (or h~) in terms of power sums 
by means of  Newton's relations. (We have in fact used this method, 
cf. [4].) It is then of some interest o know just how many distinct terms 
will appear in the expansion of  the product; this number is, of  course, 
just T~ ~. 
REFERENCES 
1. H. GUI'TA, C. E. GVCYTHER, AND J. C. P. raieLER, Tables of Partitions (Royal Society 
Mathematical Tables, Vol. 4), Cambridge Univ. Press, Cambridge, 1962. 
2. J. RIoaoaY, Combinatorial Identities, Wiley, New York, 1968. 
3. P. A. MACMAHON, Combinatorial Analysis, Vol. I, Sect. V, Chapter II, Cambridge, 
1915. For a concise statement of these facts see also: F. N. DAVID, M. G. KENDALL, 
AND D. E. BARTON, Symmetric Function and Allied Tables, Cambridge, Univ. Press, 
Cambridge, 1966, p. 10. 
4. M. L. STE~ ANO P. R. STERN, Enumeration of Stochastic Matrices with Integer 
Elements, Los Alamos Report LA-4434, Los Alamos Scientific Laboratory (1970). 
